01622 Advanced Dynamical Systems:
Applications in Science and Engineering
Week 8: Time delays

Tobias K. S. Ritschel,
Assoc. Prof. in Stochastic Adaptive Control

Department of Applied Mathematics and Computer Science,
Technical University of Denmark

Last updated on March 27, 2026

1/28



Delay differential equations
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Delay differential equations

General form

#(t) = f(x(t), 21(), - -, zm (1), u(t), d(t), p) (1)
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How smooth is the solution? An example
Initial value problem with delay differential equations

z(t) =1, t<0, (3a)
#(t) = x(t — 1), t>0 (3b)
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Solution for t € [0, 1]

=1

z(t) = z(0) —i—/o x(s—1)ds
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How smooth is the solution? An example
Initial value problem with delay differential equations
z(t) =1, t <0,
z(t) = z(t — 1), t>0
Solution for t € [0, 1]
P
x(t) :x(O)—i-/O z(s—1)ds=1+t

Solution for t € [1,2]
=1+4+(s—1)
b y Lo 1o
x(t) =x(1) + x(s—l)d3:2+§(t —19)
1
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How smooth is the solution? An example
Initial value problem with delay differential equations
z(t) =1, t <0,
z(t) = z(t — 1), t>0
Solution for t € [0, 1]
P
x(t) :x(O)—i-/O z(s—1)ds=1+t

Solution for t € [1, 2]
. =1+4+(s—1)

x(t)zx(l)-l-/l x(s—1) d3:2+%(t2—12):7
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How smooth is the solution? An example
Initial value problem with delay differential equations
a(t) =1, t<0, (3a)
z(t) = z(t — 1), t>0 (3b)
Solution for t € [0, 1]
-1

[ J——
x(t) :x(O)—i-/O z(s—1)ds=1+t (4)

Solution for t € [1,2]
. =1+4+(s—1)

(1) :x(1)+/ ToDds=2+ -1 =341p (5
! 2 272
Derivatives
0, £<0,
i) =11, e,
t, tell,2],
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How smooth is the solution? An example
Initial value problem with delay differential equations
a(t) =1, t<0, (3a)
z(t) = z(t — 1), t>0 (3b)
Solution for t € [0, 1]
-1

[ J——
x(t) :x(O)—i-/O z(s—1)ds=1+t (4)

Solution for t € [1,2]
. =1+4+(s—1)

(1) :x(1)+/ ToDds=2+ -1 =341p (5
! 2 272
Derivatives
0, £<0, 0, £<0,
it =141, te1], @0 =1do, te.] (6)
t, tell,2], 1, tell,2]
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Steady states

In steady state, x(t) = x5 for all ¢
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In steady state, x(t) = x5 for all ¢

Steady state equations

OZf(a:s,:vs,...,xs,us,ds,p) (7)
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Steady states

In steady state, x(t) = x5 for all ¢

Steady state equations
OZf(a:s,:vs,...,xs,us,ds,p) (7)

The steady state is the same as for ordinary differential equations
in the form

Conclusion: Time delays do not change the steady state
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Stability — Linear systems

For linear systems, e.g., in the form
i(t) = A(p)z(t) + G(p)x(t — 7) + B(p)u(t) + E(p)d(t)  (9)

the stability is determined by A, G, and the time delay 7
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Stability — Linear systems

For linear systems, e.g., in the form
#(t) = A(p)z(t) + G(p)z(t — ) + B(p)u(t) + E(p)d(t) ~ (9)
the stability is determined by A, G, and the time delay 7
Characteristic equation
P()) = det (A +GeT™ = A) =0 (10)

In general, infinitely many solutions
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Graphical stability analysis

Real and imaginary parts of characteristic function

Py()) = Re P(N), Pi(\) = Im P()) (11)

7/28



Graphical stability analysis

Real and imaginary parts of characteristic function
P.(\) =ReP()), Pi(\) =Im P())
Choose a grid of complex values

Amn = Qm + by, m=1,...,M, n=1,...,N

(11)

(12)
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Graphical stability analysis

Real and imaginary parts of characteristic function
P.(\) =ReP()), Pi(\) =Im P()) (11)
Choose a grid of complex values
Amn = Qm + ibp, m=1,..., M, n=1,...,N (12)
Plot the zero-contours of P, and P;

The intersection between the contours indicate the roots
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Graphical stability analysis
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Graphical stability analysis

Imaginary part
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Graphical stability analysis
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Numerical computation of the roots

Decision variables: a and b (A = a + ib)
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Numerical computation of the roots

Decision variables: a and b (A = a + ib)

Algebraic equations

F(a,b) = P.(a +ib) =0, (13a)
G(a,b) = Pia+ib) =0 (13b)
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Numerical computation of the roots

Decision variables: a and b (A = a + ib)

Algebraic equations

F(a,b) = P.(a +ib) =0, (13a)
G(a,b) = Pia+ib) =0 (13b)

Two nonlinear equations in two variables that can be solved using,
e.g., Matlab’s fsolve

Initial guess: Use the graphical analysis
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Stability — Nonlinear systems
For nonlinear systems in the general form

@(t) = f(z(t), z1(t), - -, 2m(t), u(t), d(t), p) (14)
the stability is determined by A, G;, and 7, fori =1,....,m
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Stability — Nonlinear systems
For nonlinear systems in the general form

@(t) = f(z(t), z1(t), - -, 2m(t), u(t), d(t), p) (14)
the stability is determined by A, G;, and 7, fori =1,....,m

Characteristic equation

P(\) = det (A + in: Gie TN — AI) =0 (15)

=1
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Stability — Nonlinear systems
For nonlinear systems in the general form

@(t) = f(z(t), z1(t), - -, 2m(t), u(t), d(t), p) (14)
the stability is determined by A, G;, and 7, fori =1,....,m

Characteristic equation

P(\) = det (A + in: Gie TN — AI) =0 (15)
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Stability — Nonlinear systems
For nonlinear systems in the general form

@(t) = f(z(t), z1(t), - -, 2m(t), u(t), d(t), p) (14)
the stability is determined by A, G;, and 7, fori =1,....,m

Characteristic equation

P(\) = det (A + i Gie TN — AI) =0 (15)

i=1
Matrices
ofnn ... 9fi aafl 88f1
5 O i, ik
af | . of 1 o
A: 87 = : -,. : s G’L = 8 A = : . : s
aLBl 8wn 821-,1 82:1'7]C
(16)
i=1,...,k
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Open-loop simulation
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Numerical simulation

Programming language Simulator

Note

Matlab dde23
Matlab ddesd
Matlab ddensd
Python JiTCDDE!

1h‘c‘cps ://jitcdde.readthedocs.io/en

Constant time delays
General time delays
Neutral DDEs
General time delays
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https://jitcdde.readthedocs.io/en

Open-loop simulation

System

15/28



Open-loop simulation

System

l’(t) = f(l’(t), Zl(t)7 ceey Zm(t)vu(t)vd(t)ap)v

Zi(t)zw(t—n), izl,...,m
Zero-order hold parametrization

t) = uy, t € [tr, thsal,
d(t) = d, t e [tkvtk+1[

(17a)
(17b)

(18a)
(18b)
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Open-loop simulation

System

B(6) = F@(0), 510, om(t), ult),d(0),p), (172)
zit)=z(t—m), i=1,...,m (17b)

Zero-order hold parametrization

t) = Ug, t e [tk,tk+1[, (183)
d(t) = d, t e [tkatk—H[ (18b)

Open-loop simulation:

1. Create a function that, for given time ¢, returns ug and dj, and
call dde23/ddesd/JiTCDDE once for all control intervals
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Open-loop simulation

System

B(6) = F@(0), 510, om(t), ult),d(0),p), (172)
zit)=z(t—m), i=1,...,m (17b)

Zero-order hold parametrization

t) = Ug, t e [tk,tk+1[, (183)
d(t) = d, t e [tkatk—H[ (18b)

Open-loop simulation:

1. Create a function that, for given time ¢, returns ug and dj, and
call dde23/ddesd/JiTCDDE once for all control intervals

2. For each control interval, use the solution structure from the
previous call to dde23/ddesd/JiTCDDE as the “history” input
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Nuclear reactor models

16/28



Nuclear reactor model 7 — Model 6 revisited
Reactivity and thermal reactivity

p(t) = pin(t) + pear (1), pun(t) = —kT,  (19)

17/28



Nuclear reactor model 7 — Model 6 revisited
Reactivity and thermal reactivity

p(t) = pin(t) + pear (1), pun(t) = —kT,  (19)

Mass balance equations (ps is the salt density)

C(t) =2 (t)A_ Ben) + i MNCi(8), (20a)
=1
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Nuclear reactor model 7 — Model 6 revisited
Reactivity and thermal reactivity
p(t) = pin(t) + pext(t), pen(t) = kT

Mass balance equations (ps is the salt density)

et = "0 0, 0+ 3 aai)
=1

Ch(t) = FC(t) = MCH(0) + (Coant) — C)D

Ci,in(t) = 6_)‘iTCi(t — 7'),

(19)

(20a)

(20b)
(20c¢)
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et = "0 0, 0+ 3 aai)
=1

Ch(t) = FC(t) = MCH(0) + (Coant) — C)D

Ci,in(t) = 6_)‘iTCi(t — 7'),

F
D:V, f=psF, F=Av, 7=LJv
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(20a)
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Nuclear reactor model 7 — Model 6 revisited
Reactivity and thermal reactivity
p(t) = pin(t) + pext(t), pen(t) = kT

Mass balance equations (ps is the salt density)

et = "0 0, 0+ 3 aai)
=1

Ch(t) = FC(t) = MCH(0) + (Coant) — C)D

Ci,in(t) = 6_)‘iTCi(t — 7'),
F
D:V, f=psF, F=Av, 7=LJv
Energy balance equations

T:(t) ::;Z(J%x(t_'7/2)__1}(ﬂ)<+ n.cp’

(19)

(20a)

(20b)
(20c¢)
(20d)

(21a)

17/28



Nuclear reactor model 7 — Model 6 revisited
Reactivity and thermal reactivity

p(t) = Pth(t) + pext(t)v pth(t) = _K/TT‘ (19)
Mass balance equations (ps is the salt density)
ooy pt) =8 S
Cn(t) = == ——Calt) + z; XNiCi(t), (20a)
Ci(1) = SE0u(1) = NCUt) + (Coinlt) ~ DD (200)
Ci,in(t) = 6_)‘iTCi(t — 7'), (20C)
ng, f=psF, F=Av, 7=0L/v (20d)
Energy balance equations
1(6) = L (Tt - /2) — 7) + 2, (212)
Tralt) = “—(T(t = 7/2) = Tra(0) ~ 2 (Tya(t) ~ T2)

Nhx NhrCP
(21b) 17/28



Nuclear reactor model 7 — time-varying time delays

If the velocity, v, is time-varying

F(t)

D(t) = %

, f(t) = psF(t), F(t) = Av(t), 7(t) = L/v(t)
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Time-varying time delays
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Delay differential equations

General form

2(t) = f(x(t), 21(t), - - -, Zm(t), u(t), d(t), p) (23)
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Memory states
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Delay differential equations

General form

2(t) = f(x(t), 21(t), - -

Memory states
Zl(t) = 1‘(t — Ti),
Time-varying time delays
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Delay differential equations

General form

&(t) = f(z(t), z1(t), - ., 2m(t), u(t), d(t), p)
Memory states

zi(t) = z(t — ), i=1,...,m
Time-varying time delays

T; :Ti(t), Ti :Ti(u(t)),

(23)

(24)

(25a)
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Delay differential equations

General form

&(t) = f(z(t), z1(t), - ., 2m(t), u(t), d(t), p)
Memory states

zi(t) = z(t — ), i=1,...,m
Time-varying time delays

7 = 7i(t)

; i = Ti(u(?)),
i = 1 (x(t)),

(23)

(24)

(25a)
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Delay differential equations

General form

&(t) = f(z(t), z1(t), - ., 2m(t), u(t), d(t), p)
Memory states

zi(t) = z(t — ), i=1,...,m
Time-varying time delays

7 = T7i(t), 7i = Ti(u(t)),
T, — Ti(x(t)), T — Ti(t, x(t), u(t), d(t),p)

(23)

(24)

(25a)
(25b)
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What are the underlying assumptions of time delays?

’What do we assume about the process when we use time delays?‘
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What are the underlying assumptions of time delays?

’What do we assume about the process when we use time delays?‘

Thought experiment

1. Imagine two reactors that are connected by a pipe

2. Picture a model of the “receiving” reactor with time delay, 7
» The time delay is equal to length divided by velocity, 7 = L/v

3. Imagine that you reduce the velocity by a factor of 10

4. What is the true “age” of the content in the pipe?
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What are the underlying assumptions of time delays?

’What do we assume about the process when we use time delays?‘

Thought experiment

1. Imagine two reactors that are connected by a pipe

2. Picture a model of the “receiving” reactor with time delay, 7
» The time delay is equal to length divided by velocity, 7 = L/v

3. Imagine that you reduce the velocity by a factor of 10

4. What is the true “age” of the content in the pipe?

5. What is the age of the inlet stream in the receiving reactor?

21/28



Time-varying time delays — time-varying velocity
Instantaneous time delay (approximation)

7(t) = L/v(t) (26)
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Time-varying time delays — time-varying velocity
Instantaneous time delay (approximation)

7(t) = L/v(t) (26)

Implicit equation for time delay (exact)

/t v(s)ds =L (27)
t—7(t)
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Time-varying time delays — time-varying velocity

Instantaneous time delay (approximation)

7(t) = L/v(t)

Implicit equation for time delay (exact)

t
/ v(s)ds =L
t—7(t)

Rewrite implicit equation (L is constant)
d t

a t—7(t)

v(t) = (L =7()v(t —7(t) =0

v(s)ds =L =0

(26)

(27)

(28a)

(28b)
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Time-varying time delays — time-varying velocity
Instantaneous time delay (approximation)

7(t) = L/v(t) (26)
Implicit equation for time delay (exact)
t
/ v(s)ds =L (27)
t—7(t)
Rewrite implicit equation (L is constant)
d [t .
— v(s)ds=L=0 28a
i) (28a)
v(t)— (1 —7(t)v(t—7() =0 (28b)
Differential equation for time delay (v is constant up to time tg)
) v(t)
H0) =1 r(to) = Ljo(to)  (29)

Be careful if v is discontinuous
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Time-varying time delays — piecewise constant velocity
Piecewise constant velocity

U(t) = Vg, te [tk, tk—i—l[ (30)

23/28



Time-varying time delays — piecewise constant velocity
Piecewise constant velocity

U(t) = Vg, te [tk, tk+1[ (30)
Implicit equation for time delay
" K
/ v(s)ds = (t — tg)vg + Z v—; AL
t—7(t) j=1

+ (tk—K — (t — T(t)))vk_](_l =L, te [tk7tk+1[ (31)
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Time-varying time delays — piecewise constant velocity
Piecewise constant velocity
v(t) = v, t € [ty thsa| (30)

Implicit equation for time delay

¢ K
/ v(s)ds = (t — tg)vg + Z v—; AL
t—7(t)

j=1
+ (tk—K — (t — T(t)))vk_](_l =L, te [tk7tk+1[ (31)
Step 1: Determine K such that

K+1
(t — tg) vk+ka JAL <L < (t—tp)op+ Y vpj AL (32)
Jj=1 Jj=1
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Time-varying time delays — piecewise constant velocity
Piecewise constant velocity
v(t) = v, t € [ty thsa| (30)

Implicit equation for time delay

¢ K
/ v(s)ds = (t — tg)vg + Z v—; AL
t—7(t)

j=1
+ (tk—K — (t — T(t)))vk_](_l =L, te [tk7tk+1[ (31)
Step 1: Determine K such that

K+1
(t — tg) vk+ka JAL <L < (t—tp)op+ Y vpj AL (32)
Jj=1 Jj=1

Step 2: Determine 7(t)

K
T(t) =t —th_x + ! <L —(t—tr)or— > vk_jAt> (33)

Vk—K-1 =
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Time delays as partial differential equations

24/28



Time delays as partial differential equations
System

2(t) = f(x(t), 21(t), - - -, Zm(t), u(t), d(t), p) (34)
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Time delays as partial differential equations
System

Transport equation

azi B 1 azi

Gts) = =S (ts),

T; Os

(34)
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Time delays as partial differential equations
System

Transport equation

azi . 1 azi
E(tv s) = —

(t,s), =(t,0)=u=xm(t),

T; Os

(34)
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Time delays as partial differential equations
System

Transport equation
azi 1 azi

E(tv 3) -

(t,s), =z(t,0)==x(t), se]0,1],

T; Os

(34)

(35)
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Time delays as partial differential equations
System

&(t) = f(x(t), 21(1), - .-, zm (1), u(t), d(t), p) (34)
Transport equation

azi . 1 azi
E(tv s) = —

(t,s), =z(t,0)==x(t), se€l0,1], (35)

T; Os

Method of lines (first-order upwinded finite difference scheme)

zio(t) = x(t), (36a)
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Time delays as partial differential equations
System

2(t) = f(x(t), 21(t), - - -, Zm(t), u(t), d(t), p) (34)

Transport equation

azi 1 azi o
E(t,s) =5 (t,s), =z(t,0)=uxz(t), se][0,1], (35)
Method of lines (first-order upwinded finite difference scheme)
zo(t) = (), (363)
) o Lzip(t) — zin-1(t) 1 B
Zz,n(t)—_;i s , AS—N, n=1,...,N,
(36b)
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Time delays as partial differential equations
System

2(t) = f(x(t), 21(t), - - -, Zm(t), u(t), d(t), p) (34)

Transport equation

%2 1,5) = —Tli%‘j (ts), =(t0)=a(t), se[0,1], (35)
Method of lines (first-order upwinded finite difference scheme)
Zio(t) = a(t), (36a)
5 (t) = _jizm(t) _Azi,n—l(t)7 As — %7 n=1,....N,
(36b)
zi(t) = z N (t) (36¢)

25/28



Time delays as partial differential equations
System

2(t) = f(x(t), 21(t), - - -, Zm(t), u(t), d(t), p) (34)

Transport equation

%2 1,5) = —Tli%‘j (ts), =(t0)=a(t), se[0,1], (35)
Method of lines (first-order upwinded finite difference scheme)
Zio(t) = a(t), (36a)
5 (t) = _jizm(t) _Azi,n—l(t)7 As — %7 n=1,....N,
(36b)
zi(t) = z N (t) (36¢)

The differential equations (34) and (36b) are ordinary

See [1] for more details and other ways to approximate time delays
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Questions?
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